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TRODUCTION

The aim of this paper is

e to compare the first e

G +Ap =0 in D

Gy ~qb + 2y =0

GV = qb + Apy = 0

n adequate class of oper
In Section 2 we consider

semigroup possesses a n
ct to a Radon measure m

t of E with m(3D) = 0 th

2
JJ £7(t,%x,y)m(dx)m
DD
uch that, if T = inf{t >

|
P¥(T<) = 1 Vx ;
opping (Xt) at the bound
q(x) we are able to comp
and (1.2), when G is th
In Section 3 we consider
ator G-q to compare the
Basic for all the compar
d assumptions on the sem
various processes which
e first eigenvalue. This
11 known for diffussions

Section 4 is devoted to !

We refer the reader to [

e probabilistic subordination and time

lues of the problems

=0
y/3D = 0
Y/3D = 0
G.

t process (Xt) with state space (E,E)
tive symmetric density f(t,x,y) with
E), such that if D is a bounded open

c, . . . .
¢ € D"} is the first exit time from D,

D and subjecting it to a local death

e first eigenvalues of the problems
nitesimal generator of (Xt).

equate time change of the process with
eigenvalues of problems (1.2) and (1.3).
esults is the fact that under the

one can get eigenvalue expansions for
‘one to give a simple characterization
cterization (proposition 1 in Section 2)
chapter 14 of [4]).

scussion of examples.

the basic notation and definitions




hroughout the paper.
. COMPARISON OF (1.1) AND (1.2)

Let (XE) be the process (Xt) killed when it leaves D and (QE) its

ransition semigroup, that is
D X
Q. f(x) =E [£(X,),t<T].

t is proved in [5] that there is a sequence {Aj} of eigenvalues of G such
hat 0 < Al < Az 2...5 An Seens An + o and a complete orthonormal set of
igenfunctions {¢j} such that the series 2?=1 e TAjt ¢j(x)¢j(y) converges

bsolutely and

-\t
2.1) QEG) =Je ¢ () J ¢, () E(Im(dy)
n
D

or f € LZ(D).

A similar expansion can be found for the semigroup
Ef(x) = Ex[f(Xt)Mt;t<T] of the process subordinate to (Xz) with respect
o the multiplicative functional Mt = exp(—fg q(XS)ds) where q is a con-
inuous positive function on E (see also [5]).

The first eigenvalue of the problem
1.1) Gy + A2y =0 in D, ¢/3D =0

an now be characterized as follows

ROPOSITION 1. If A 18 the first eigenvalue of the problem (1.1) then

A= sup{\: sup Ex[eXT] < o},
xeD

ROOF. It follows from (2.1) that

-A_t
P(T>t) =] e ¢ () J ¢ (¥)m(dy) .
n
D




0= ID ¢n(y)m(dy) then one has

" -(A_-)
X- AT At X _ _ n
E[e""] =~ J e dP7(T>t) = g Kn ¢n(x) J An e

0 0

A
n
LK, ¢n(x>(x}'x>-

ly, when X - X, this series diverges. Also, ExteAT] is an irn

1
ion of A, so it suffices to show that Ex[eAT] <o for A < A

if 0 < A < Al then

1

>‘n+1 < An
—-— - —-— 9
An+1 A An A

M

A
D
LK, ¢n(x)(A EA) S = Q 1) < e
n n 1

K 1. A similar characterization for the first eigenvalue of

clearly holds

2. The heuristics of the situation is as follows:

Xty = - J A tap¥(T>t) = J A& SPX (T>s)ds =
= j rers Ex[l(XS),s<T] =\ I R le(x) when P
0

at one does is '"look at the poles of the resolvent"

In order to compare the first eigenvalues of problems (1.1)
nsider (it), the canonical realization of the process subord
t) with respect to Mt = exp(—fgq(xs)ds) on the space Q= ax[
e by " its corresponding measures on Q (see [1] ch.3 for al
tions) .

wing [1], let v: Q - [0,o] be the projection y(w,\) = X, and

T = inf{t > 0 : X_e D¢}




E=inf{t>o:§tenc}.

EMMA 1. B[ 1] < B[],  wx e D.

ROOF. It follows from the definition of (%t) that

{T>t} = {is €D, s<th={X eD, sst,y>t}=

{T > t; v > t}

nd therefore, by the definition of P* we have

PX(T>t) = Ex[Mt;T>t].
ow
ety = - I ABE(Tot) = - | T dEX[Mt;T>t] =
0

=1+ AEX J M dt < 1+ AEF | e*tar = X[
he integration by parts in the third equality is possible since
¥(T<®) = 1 Vx € D.

The following comparison result now follows easily from Propos

nd Lemma 1.

iEOREM 1. Let A be the smallest eigenvalue of problem (1.1) and A
nallest eigenvalue of problem (1.2) then

S
Al 2 Kl.

EMARK 3. In the same manner, one can compare the first eigenvalues

roblems

]
o

Gy - qlw + Ay =0 in D ¢/3D

1]
o

Gy - Ly +uwyp = 0 in D /3D




9 2 q- In fact, let (Xt) now denote the process
and let (it) be the process subordinated to (Xt
axp (- fg(qz(xs)—ql(xs))ds) then, the same reason

My > }\1.
{ 4. The comparison results will hold whenever a
rincipal eigenvalue, as the one given in proposi
these results will be valid for the elliptic op
MAN [4] Vol.2, Chapter 14.

MPARISON OF (1.2) AND (1.3)

Ve will now compare the first eigenvalues of the

]
o

G-qQ)y + Ay =0 in D /3D

]
o

(G=q)y + Aoy =0 in D p/3D

continuous and p 2 c > 0.

Let (Xt) now be the process with generator G-q =
to be consistent with the notation of section 21
but we feel this would become too confusing).
Suppose (Xt) has a symmetric transition density

2 Radon measure m which satisfies

J J Pz(t,x,y)m(dx)m(dy) <
DD

J P(t,x,x)p(x)m(dx) < = Vt
D
b>unded sets D.
Let (At) be the following additive functional of

t
At = J p(Xs)ds
0




nd 1et-(rt) be the right continuous inverse of (At); that is

T, < inf{u; Au > t}.

ne may check that (Tt) satisfies

t
T, = I , (X ) being the time changed process.
t pX ) T
T t
s
all Xt = XTt’ then _
= (Q,F, Fr ,Xt,eTt,Px) is a strong Markov process (see [1] Ch.V) and it
t

ollows from Dynkin's formula that (it) has generator %u

The following proposition allows one to use the same procedure as th
f proposition 1 in Section 2 to characterize the first eigenvalue of
roblem (1.3) as

il = sup{i: sup Ex[eXT] < w}
xeD
here

T = inf{t > O: it € Dc}.

ROPOSITION 1. Under the assumptions (3.1) and (3.2) and the symmetry of

(tyx,y); the process (it) possesses a symmetric transition density

(t,x,y) with respect to the measure p(y)m(dy) and moreover, if D is boun
d then

3.3) J J ﬁz(t,x,y)p(X)p(y)m(dX)m(dy) < @
DD

ROOF. Observe that
-0l _
t f(Xt)p(Xt)dt =

0% (x) = EX f e Ot £(x_)dt = gX J e
0 t 0

< < —aAt 0
= J Elp(x)f(X)e ldt = v_(pf) ()
0

here




VSh(x) = J e Bt Qh(dt
0

o _ t
ch(x) = E'[e h(Xt)].

) has a symmetric transition density p(t,x,y) then (Qi) has a sym
: transition density as well (see [5]), call it qa(t,x,y). It is e

» that
-oct
¢ (t,5,y) < e p(e,%,y)
.1 ¢ is such that p(x) =2 ¢ > 0).

:(x,y) = fg qa(s,x,y)ds,then by inverting Laplace transforms we ge
| appropriate contour Yy
?tf(x) = —lr J eUt u® f(x)do =
Y

[ (1 ot _0 \
= [ \Zn1 [ e vo(x,y)do/f(y)p(y)m(dy)
Y
proves the existence of the symmetric transition density p(t,x,y)

- 1 t 0
p(t,x,y) = 5;;—[ e’ v (x,y)do.

Y
we (3.3) it is enough to show that

J B(2t,x,x)p (x)m(dx) < .
D
or all o > O

(¢ 1+

- t
ot vg(x,y) < J e p(t,x,y)dt =
0

f e ~ p(t,x,y)dt
0

-at t
c [ e @ p(ny,y)dt.
0




ence
. t
P(tsx’}’) < CP(E’XsY)

nd the result follows from (3.2).

et
T = inf(t > 0: X_ e D'}
T = inf{t > O: it e D%}
hen
3.5) T = A(T)
nd so
3.6) {% >t} = {A(T) > t} = {T > Tt}

see [1] ch.V).

.~ The following analytic lemmas will be needed

EMMA 1. Let F(t,w) be a measurable function on T
robability space) such that t - F(t,w) s monoto

or each w. Then, for £ > 0
J f(t)dE(F(t,w)) = E J f(t)dF(t,w) .

E denotes expectation with respect to P).
ROOF. Easy.

EMMA 2. Let f: R + R be 1-1 and differentiable
elta function at a then

-1
J g(x)§(£(x)-a)dx = g(f__f_a_)l ]
£'(f (a))

ROOF. Easy by choosing an approximating §-sequen

pariso

P) betr

conti

denote

1t.




EM 1. If o < 1 then the first eigenvalue of problem (1.3) is bigger
the first eigenvalue of problem (1.2) and if p > 1 the first eigen-—
of problem (1.3) is smaller than the first eigenvalue of problem (1.2).

. It suffices to compare

EX(e*] with E¥[MTT.

(-]
f

= - J e)\t dPx(§>t) = - f e>‘t dPx(T>rt).
0 0
lemmas 1 and 2 we get

X

T I J RAFY EX J At 6 (r,~T)dt
0 0

E'T {T>Tt} N

[so]

= g¥ J et p(X, )8 (t-T)dt = E"[e”p(xA )1
0 T T

heorem now follows easily.
AMPLES

In this section we list some situations in which the comparison re-
hold. In particular, we see that the classical results of examples

2 (see [3] ch.VI) are valid for more general situations.

[

.E 1. The eigenvalues of the problem A¢p — qp + A¢ =0 in D, ¢ = 0 on

ncrease when q increases.

.E 2. The eigenvalues of Ap = qp + A¢ =0 in D, ¢ = 0 on 3D; increase

the domain D decreases.

.E 3. This is a generalization of example 1. Let G be the Laplace-
imi operator on a Riemannian manifold or compact Lie group and D an

>ounded subset. The same conclusions hold. See [7] or [8] for the
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ippropriate constructions.

iXAMPLE 4. The following construction, going back to PHILLIPS [6] yields

1 larger class of processes (and eigenvalue problems) for which the com-
;ariéon results apply. Suppose (Xt) has a transition density p(t,x,y) such
chat

-A_t
n

p(t,x,y) =) e ¢ () o_()
n

vthere the (¢n) are an orthonormal, complete set, and (¢n,xn) are all the
solutions to G¢n + An¢n = 0 plus appropriate boundary conditions.

Let (tt) now denote a subordinator (a process with stationary in-

t=0
lependent increments on [0,~]) independent of (Xt). Define a new semigroup

)n the same state space by

(3.1) QE(x) = J P () =] (J e Anurt«iu)mn(x) f ¢ (MNE(y)dy
_unt 0
- IZ1 e T 4 J 6_(E£(y)dy
-\ _u
there Ho o= aAn - (e n -1)v(du), (a,v) being the characteristics of (Tt).

In this case, the process (X Q,P:) where Pf is constructed from

Tt?
[Qt) via the Kolmogorov extension theorem, has transition semigroup (Qt)
ind infinitesimal generator
(3.2) GTf(x) = aGf(x) - J (Puf(x)—f(x))v(du).

0
)ne has GT¢n + “n¢n = 0 and, from completeness, there are no more solutions

0 GTw + Ay = 0 (with the same boundary conditions as for Gy + Ay = 0).

:XAMPLE 5. The comparison results can be applied to the symmetric stable

. n . . . .
)rocess in R~ of index o, 0 < o < 2; that is, the process with stationary
.-ndependent increments whose continuous transition density relative to

. N .
.ebesgue measure in R 1is

. a
p(t,x) = Z_TIl,ﬁJ el(x’g)e_tlgl dg t > 0.
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2] and [5] in connection with this example.
It is interesting to observe the connection with example 4, which is
)1lows: If (Nﬁ) is the one sided stable semigroup in (0,), B ¢ (0,1)
't(x,A) the transition semigroup of the Brownian motion process in my
the semigroup of the symmetric stable process in ng satisfies
PY(x,4) = J P (x,A)N
0

u/Z(du)

[1] ch.I;2.20).

If one now considers the Brownian motion process killed when it first
es D% and one performs on it the time change of example (4) with (t )
(N t/ ) one obtains, as might be expected, the symmetric stable process
dex o, killed when it first leaves D. This fact follows from the fol-
\g two lemmas, which might also be interesting for other situations.

Following the notation of example 4 define

= |
]

inf{t > 0: X ¢ D%}
Tt

inf{t > O: Xt € Dc}

]
I

inf{s > O: Tg > t} the left continuous inverse of (Tt).

well known that

{KS > t}<=>{-rt< s}
herefore

{£(T) > t} = {Tt < T}.

. TT >t e»-XTS e D, Vs <t =T < T, Vs < te>s < £(T) Vs < t
< 2(T).
] denotes expectation with respect to the distribution of T, then

as as an immediate consequence of Lemma 1 and the remarks preceding

hat




EMMA 2.

E[E"[f(xT ); T, < T1] = E[E[f(X_ ); t < T 11.
t Tt T

:XAMPLE 6. The Ornstein-Uhlenbeck process in R has a transition density
I(t,x,y) with respect to the measure m(dy) = eV /2 dy which is symmetric
see [2]. |

.XAMPLE 7. The following situation may apply to discretized versions of
:xamples 1 or 2. Consider a symmetric Markov chain on a lattice, with
:ransition among nearest neighbors only. Let D be a subset of the state
ipace and let 3D denote the subset of p¢ consisting of nearest neighbors
:0 points in D. If Q denotes the rate matrix of the process killed on

.eaving D, then our comparison result applies to the problems

Y QU,3)é(3) + A¢(i) = 0; ¢(i) = 0, i e aD.
jeD

Y Qi) e(3) - q@@)e(i) + 2¢(@E) = 03 ¢(i) =0, i e aD.
jeD
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